We theoretically investigate the high-order harmonic generation from a neon atom irradiated by an intense two-color femtosecond laser pulse, in which the fundamental field and its second harmonic are linearly polarized and orthogonal to each other. In contrast to usual high-harmonic generation with linearly polarized fundamental field alone, a very strong and clean high-harmonic spectrum, consisting of both odd and even orders of harmonics, can be generated in the orthogonally polarized two-color laser field with proper selection of the relative phase between the fundamental and second-harmonic fields. In time domain, this results in a strong and regular attosecond pulse train. The origin of these behaviors is elucidated by analyzing semiclassical electron paths and by simulating high-harmonic generation quantum mechanically.
I. INTRODUCTION
High-order harmonic generation ͑HHG͒ from noble gases irradiated by an intense femtosecond laser pulse has provided a source of coherent soft x rays ͓1͔. Due to ultrashort duration, high-harmonic pulses can be utilized as a unique tool to probe ultrafast atomic and molecular processes ͓2,3͔.
The formation of attosecond pulse train in HHG can be explained with the semiclassical three-step model by Corkum ͓4͔ and its quantum mechanical version by Lewenstein et al. ͓5͔: once an electron in an atom is ionized by a strong laser field, it is driven like a free electron by the field, and, after sign reversal of the field, it can recombine with the nucleus, emitting an attosecond burst of radiation whose energy corresponds to ionization potential plus the kinetic energy of the electron. To a given frequency of the emitted photon there correspond two major electron paths: a short path, which starts at near zero point of the field and ends at less than half an optical period later, and a long path, which starts at near the strongest point of the field and ends at more than half an optical period later. Each of them generates an attosecond pulse at every half-period and an attosecond pulse train with four main bursts in an optical period is formed ͓6͔. There also exist other electron paths of minor contribution that return to the nucleus later than one optical period after the ionization.
To be useful as an attosecond-resolution probing tool, bursting of radiation should be well localized and periodic in time. Because the emission times of the two major electron paths differ by about a quarter of an optical cycle and each emission occurs for a finite time comparable to this difference, we cannot obtain a well-localized pulse train if the contributions from the two paths are present simultaneously. We need to select one of them and, in the usual experiments with femtosecond laser pulses, the short paths are preferable because they give better periodicity. An electron along a long path is driven by the field for a long time, and thus its kinetic energy and recombination time depend sensitively on the variation of the laser intensity within an optical period. As a result, the corresponding attosecond pulses are not periodic in time and their frequencies vary from cycle to cycle. These are prominently seen as a very complicated structure in the high-harmonic spectra. The short paths, on the other hand, are more robust to the laser intensity variation and the emission of radiation is periodic, providing clean spectra with well-defined harmonics ͓7,8͔. If, by some means, only the short path can be selected, the emission of attosecond pulses will be well localized and periodic in time, resulting in a regular attosecond pulse train.
Along with temporal locality and periodicity, the intensity of the attosecond pulses is also important for HHG to be practical. In our recent experiments ͓9͔, we obtained exceptionally strong harmonics in a two-color laser field consisting of the fundamental field and its second harmonic ͑SH͒, which are linearly polarized and perpendicular to each other. By controlling the relative phase between the two frequency components, conversion efficiency as high as 5 ϫ 10 −5 was obtained for the 38th harmonic at 21.6 nm, which is at least two orders of magnitude greater than the conversion efficiency reported in the 20 nm region ͑ϳ10 −8 ͒ ͓10͔. This orthogonally polarized two-color field appears to have a promising potential to produce strong attosecond pulse trains. These results are in marked contrast to the earlier experimental reports in which an additional transverse field component did not contribute to signal enhancement ͓11,12͔. Furthermore, theoretical investigations, focusing on symmetry properties, did not provide a clear physical picture of HHG in this field configuration ͓13͔.
In this paper, we analyze HHG in an orthogonally polarized two-color laser field to generate strong and regular attosecond pulses, motivated by the experimental result of exceptionally strong HHG. In this case, neither of the two field components is perturbative with respect to the other in driving an electron. We show that, with suitable control of the relative phase between the fundamental and secondharmonic fields, this particular field significantly enhances the short path contribution while eliminating other electron paths, resulting in a clean high-harmonic spectrum as well as a strong and regular attosecond pulse train. In contrast to the previous research that employed constant-amplitude fields ͓14,15͔, we deal with femtosecond pulses having a realistic Gaussian envelope, because the pulse shape greatly affects the detailed high-harmonic spectral structure. We also carefully compare this case to HHG with other field configurations, e.g., fundamental field alone. This paper is organized as follows. The field configuration and the methods used are explained in Sec. II. In Sec. III, the characteristics of HHG in this particular field are presented and the origin of these behaviors is traced to the properties of the relevant electron paths. In addition, the signal enhancement over the cases with other field configurations is discussed. Finally, in Sec. IV we summarize our results and conclude.
II. METHODS
We adopt both semiclassical and quantum mechanical calculations for the analysis of HHG in the two-color laser field. The electric field of the orthogonally polarized two-color field is represented by
where the fundamental field and its second harmonic are assumed to have the same Gaussian pulse shape with a pulse duration of 30 fs. The center wavelength of the fundamental field is 820 nm, and is the relative phase between the two frequency components. In so far as the pulse width is much longer than the fundamental optical period, as in our case, the two-color field with relative phase + is equivalent to the one with in HHG ͓13͔. In controlling the high-harmonic spectrum, we will change and the relative intensity of the second harmonic with respect to the fundamental field while keeping the sum of the intensities of the two frequency components constant, i.e., I = I + I 2 =9ϫ 10 14 W/cm 2 . In the following, "one-color field" refers to the fundamental field with intensity of 9 ϫ 10 14 W/cm 2 , unless specified otherwise. A neon atom ͑I p =22 eV͒ is considered in our calculations.
The electron paths contributing to HHG are investigated with the semiclassical three-step model by Corkum ͓4͔. The three-step model in its original form, however, concerns a point-like atom in a linearly polarized field and is not appropriate to our case because the electron never returns to the nucleus in the present two-color field configuration. In our case, recombination occurs in a finite region around the nucleus. Considering this physical reality, we slightly modify the three-step model by introducing an effective radius r eff to set a proper criterion for ionization and recombination of an electron: an electron is ionized to appear at the distance r eff in the opposite direction of the electric field, and recombines with the parent ion once it falls within r eff from the ionic core. Although this modification may look too simple, it gives a good correspondence with the quantum mechanical calculation as shown in Sec. III B. As we have varied the size of the effective radius r eff from 0.5 to 6 a.u., we have observed no qualitative difference except shift of cutoff order. The results provided in this paper have been obtained with r eff = 6 a.u.. As an alternative to our method, the analysis of complex-valued trajectories can be used ͓16,17͔.
Although the semiclassical model provides an intuitive understanding of HHG, the fundamental Schrödinger equation needs to be solved for rigorous and quantitative analysis. The involving computation in our case, however, is so heavy that we employ the quantum mechanical model by Lewenstein et al. ͓5͔ , which has been proved to be practical in quantitative analysis of HHG ͓1͔. To incorporate the depletion due to ionization, the ground state wave function is multiplied by the time-dependent probability amplitude obtained from Ammosov-Delone-Krainov ͑ADK͒ tunneling ionization formula ͓18͔. All the harmonic spectra and temporal profiles of attosecond pulses have been obtained with this model.
In experiments, the focused laser intensity slightly varies in the medium and thus the observed radiation is the coherent sum of harmonics from atoms driven at slightly different laser intensities. To mimic this actual experimental condition, we average the dipole over a small range of laser intensities, which is called the coherent sum method ͓8͔. It can also be utilized as a simple method to wash out harmonics from intensity-sensitive contribution, such as long paths, in which phase depends sensitively on the value of laser intensity. The addition of the dipoles with significantly differing phases results in a very small value. Because the phase of the harmonics by short paths is less sensitive to intensity variation, by controlling the range of laser intensity variation, only short path contribution can be selected. In our cases, the variation of the laser intensity ͑⌬I / I͒ is set to 0.025, which is just enough to wash out the long path contribution in HHG with the fundamental field alone. Although our simple methods cannot offer thorough comparison between theory and experiment, they can provide a clear physical picture of singleatom response in this particular field configuration, as shown in Sec. III.
III. RESULTS

A. Characteristics of two-color HHG
For basic understanding of HHG in the two-color field, we may observe it either in frequency domain ͑i.e., spectrum͒, or in time domain ͑i.e., temporal profile͒. The difference from the usual HHG with one-color field is also revealed in the two domains. Figure 1 shows the high-harmonic spectra obtained with the two-color ͓Fig. 1͑a͔͒ and one-color field ͓Fig. 1͑b͔͒. The most striking difference between the two results is the clarity of the spectra; the two-color field gives a strong spectrum with well-defined even-and odd-order harmonics, while the one-color field gives a weaker and complex spectrum. The complexity of the spectrum with one-color field comes from the contribution of several different electron paths, especially the long electron paths whose quantum phase depends sensitively on laser intensity, and the resulting harmonics undergo a significant spectral broadening and shifting ͓7͔. Because we consider here a laser pulse as short as 30 fs, this spectral broadening and shifting is quite significant due to the large temporal variation of the laser intensity from one optical cycle to the next, and as a consequence it causes neighboring high harmonics to overlap spectrally and interfere with each other. The use of the two-color field with a proper relative phase, however, suppresses the long electron paths, thereby producing a clean spectral structure.
Another noticeable difference is the cutoff order as shown in the insets of Fig. 1 . The one-color field gives a high cutoff order ͑133rd͒, compared to the two-color field which yields a low cutoff order ͑70th͒. Since the cutoff order is inversely proportional to the square of the laser frequency, an increase in the intensity of the second-harmonic field at the expense of decreasing the fundamental field intensity leads to a decrease in the cutoff order.
In the time domain, we also observe a dramatic change due to the use of the second-harmonic field. The temporal profile of harmonics between 30th and 60th orders is calculated. The two-color field produces a strong pulse train, containing regularly spaced attosecond pulses with one pulse at every half an optical cycle. Each pulse shown in the Fig. 2͑a͒ has a pulse width of 110 as ͑full width at half-maximum͒. In contrast, the use of the one-color field gives weak and irregular bursts as can be seen from Fig. 2͑b͒ . As in the harmonic spectrum, the irregularity observed in the temporal profile for the one-color field case comes from the additional contribution from long electron paths, whose recombination time is sensitive to the laser intensity variation. In order for high harmonics to form a regular attosecond pulse train, the number of contributing electron paths should be reduced. As demonstrated in Fig. 2͑a͒ , use of the additional secondharmonic field achieves this. In fact, only the short electron path contributes to the HHG process in the case of Fig. 2͑a͒ , as will be shown in Sec. III B.
For HHG in an orthogonally polarized two-color field, the relative phase between the fundamental and secondharmonic components ͑͒ is a crucial parameter, as shown in Fig. 3 ; it shows the energy of harmonics filtered from 30th to 60th as a function of the relative phase . Because and + give the same results, as indicated in Sec. II, we can restrict the range of to be from 0 to . For the given laser intensity, the harmonic energy becomes the strongest near = / 2, and still sizable near = ͑or equivalently =0͒. However, when the harmonics are coherently averaged over a range of laser intensities ͑⌬I / I = 0.025͒, the strong signal for Ӎ / 2 remains the same but the signal for Ӎ is reduced significantly. The electron paths for Ӎ thus have sensitive dependence on the laser intensity variation and they are not effective in producing a strong and regular attosecond pulse train. Since we are interested in generating strong highorder harmonics, we focus on the cases with = / 2. The results of Figs. 1 and 2 have been obtained for = /2.
B. Electron path analysis and time-frequency distributions of HHG
We investigate the origin of the remarkable difference between the two-color and one-color HHG observed in Sec. III A from the analysis of the detailed classical electron FIG. 1. Harmonic spectra with two-color field and one-color field. ͑a͒ Two-color field ͑I =6ϫ 10 14 W/cm 2 , I 2 =3ϫ 10 14 W/cm 2 , = /2͒ and ͑b͒ one-color field ͑I =9ϫ 10 14 W/cm 2 ͒. Insets show the spectra from 30th to 150th in logarithmic scale.
FIG. 2. Temporal profile of attosecond pulses with two-color
and one-color fields. Filtering from 30th to 60th. ͑a͒ Two-color field and ͑b͒ one-color field. Physical conditions are the same as in Fig. 1. paths. Because the time interval between ionization and recombination, i.e., traveling time, determines the dependence of the path on the laser intensity variation, we have calculated the traveling time of the electron using the semiclassical model in the one-color and two-color fields with = / 2, as shown in Fig. 4 . Also shown in the figure is the ionization rate calculated based on the ADK tunneling ionization model ͓18͔. In contrast to the one-color field that drives an electron both in long and short paths, the two-color field generates only short electron paths with traveling time less than 0.4 optical period. These short paths do not have sufficient time for acquiring large kinetic energy required for high cutoff orders. However, they are generated much more strongly than in the one-color field. This can be explained by inspecting the ionization rate at the moment when the electron is released from the atom, since the ionization rate determines the amount of the wave packet associated with the electron path initiated at this moment. For these short paths, the ionization rate in the two-color field is higher by more than an order of magnitude than in the one-color field ͑Fig. 4͒, indicating that a larger part of the electron wave packet participates in the HHG process at the time of ionization. We find that the electron paths initiated at the time 0.15 ͑optical period͒ in the one-color and two-color fields have the same traveling time of about 0.3 ͑optical period͒, and from this we expect that the electron wave packets under the influence of the one-color and two-color fields will experience a similar amount of spreading when returning back to the nucleus for recollision. Thus, we conclude that the amount of the wave packet involved in the whole HHG process is larger for the two-color field than for the one-color field, which well accounts for the strong harmonic signals in Figs. 1͑a͒ and 2͑a͒ obtained for the case of the two-color field.
As for the long paths that are present in the one-color field, the involved wave packets spread a great deal during the time between ionization and recombination due to their long traveling time ͓5͔. Even though the ionization rate at the time when the long paths are born is relatively high, only a small part of the wave packet returns to the nucleus because of the large spreading. As a result, the contribution from long paths is just comparable to that from short paths. Furthermore, as shown in Sec. III A, the long path contribution results in irregular bursts ͓6,8͔.
By examining the time evolution of electric field vector, we can understand the exclusive formation of short paths in the two-color field with = /2 ͑inset of Fig. 4͒ . At the relative phase around this value, the time evolution of electric field vector follows a bow-tie shape, and it forms a transient linear polarization when it passes through the origin ͑AB and CD in the inset of Fig. 4͒ . In these regions, only the short paths can be formed. Because the inclination angle of the transient linear polarization flips at every half an optical cycle, the polarization of emitted attosecond pulses also flips. The flipping angle, the angle between AB and CD, is determined by the intensity ratio of the fundamental field and the SH. For other phase values, a transient linear polarization is not available. Therefore, either the ionized electrons cannot return to the nucleus and produce no signal ͑e.g., = /4 in Fig. 3͒ or they return after a long time and produce harmonics whose phases have sensitive dependence on the laser intensity variation ͑e.g., = in Fig. 3͒ .
The stronger evidence for the exclusive and enhanced formation of short paths comes from the time-frequency distribution of the emitted radiation. If a time window around a specific moment is applied to the dipole acceleration, the spectrum can represent the strength of the dominant frequencies at that moment. By calculating the spectra with translation of the time window, we obtain the time-frequency distribution of the emitted radiation, which shows the temporal distribution of frequencies ͓19͔. According to Kim et al. ͓20͔ and Kazamias et al. ͓21͔ , the attosecond pulses by the short paths have positive chirp while the attosecond pulses by the   FIG. 3 . ͑Color online͒ Dependence of harmonic energy in the two-color case on the relative phase between the fundamental and second-harmonic fields ͑͒. Filtering from 30th to 60th. The square dot refers to the result with a single intensity value and the circular dot refers to the result obtained using the coherent sum method. I =6ϫ 10 14 W/cm 2 and I 2 =3ϫ 10 14 W/cm 2 .
FIG. 4. ͑Color online͒ Traveling time and tunneling ionization rate for the electron paths. Solid lines refer to the two-color case ͑I =6ϫ 10 14 W/cm 2 , I 2 =3ϫ 10 14 W/cm 2 , = /2͒ and dotted lines refer to the one-color case ͑I =9ϫ 10 14 W/cm 2 ͒. The inset depicts the Lissajous diagram of the two-color field; the arrows indicate the time-evolution of the electric field vector. long paths have negative chirp. In the two-color field with = / 2, only the short paths are formed, but much more strongly than in the one-color field. Therefore, a positively chirped strong attosecond pulse train is obtained, as shown in Fig. 5͑a͒ . On the other hand, the one-color field have both short and long paths, and the direction of the chirp alternates at every quarter optical cycle, as shown in Fig. 5͑b͒ . However, the signal is weaker than the two-color case, which is consistent with Figs. 1 and 2 . The representative frequency at a certain time can also be obtained with the semiclassical model ͑lines in Fig. 5͒ . The solid ͑dotted͒ lines indicates classical results showing the relation between harmonic orders and recombination times of corresponding short ͑long͒ paths. The agreement between the two plots confirms our semiclassical explanation of strong formation of short paths in the two-color field.
C. Signal enhancement depending on the intensity of the second harmonic
We now consider a specific combination of the fundamental field and its SH to get a control over the intensity of individual high harmonics. In doing this, we maintain the sum of the intensities of the fundamental and the SH to be 9 ϫ 10 14 W/cm 2 , keeping the total energy of the driving laser field constant. Since only the short path contribution is of concern for generating a regular attosecond pulse train as shown in Sec. III B, we filter out any residual long path contribution using the coherent sum method ͑⌬I / I = 0.025͒.
When observing the high-harmonic intensities as a function of SH intensity, we can classify harmonic orders FIG. 5 . ͑Color online͒ Time-frequency distributions of high harmonics obtained ͑a͒ with two-color field and ͑b͒ with one-color field. The two-dimensional images are obtained with quantum mechanical model and the one-dimensional lines, both solid and dotted, are with the semiclassical three-step model. The solid ͑dotted͒ lines represent short ͑long͒ path contributions. The physical conditions are the same as in Fig. 1.   FIG. 6 . ͑Color online͒ Harmonic intensity depending on I 2 . ͑a͒ ͑2n +1͒th orders, ͑b͒ 2͑2n +1͒th orders, and ͑c͒ 2͑2n͒th orders. I + I 2 =9ϫ 10 14 W/cm 2 , = /2.
into three categories according to their origin, and these groups show different dependencies. We consider, first, the ͑2n +1͒th orders. These harmonic orders can be generated without the SH field, but two-color field enhances these harmonics. For these orders, the fundamental field is the essential contributor, but the presence of the SH field enhances the signal by strong formation of short paths until I decreases too much. As shown in Fig. 6͑a͒ , they increase moderately ͑by less than an order of magnitude͒ as I 2 increases, but decrease as soon as I 2 overcomes I ; but the 47th harmonic begins to decrease a little later. These orders are expected to be absent when I = 0, but the spectral shift and splitting of 2͑2n +1͒th orders in ultrashort laser pulse can give appreciable signals at some orders, such as 31st order. The high order ͑55th͒ shows sharp drops. Because the ponderomotive potential scales as U p ϳ I / 2 , high order ͑55th͒ becomes quickly weakened as I 2 increases.
We then consider the 2͑2n +1͒th orders that can be generated by the second-harmonic field alone. The continuous increase of low orders ͑from 30th to 46th͒, as shown in Fig.  6͑b͒ , indicates that the SH field is the main contributor to these orders. However, the frequency dependence of the ponderomotive potential tends to diminish high orders at significant I 2 and these two factors compete with each other, resulting in nontrivial behavior of high order ͑54th͒, as shown in Fig. 6͑b͒ . These orders are absent when I 2 =0.
The 2͑2n͒th orders can be generated only when both fields are present. These orders represent the pure mixing effect. As shown in Fig. 6͑c͒ , they show an increase as I 2 increases but saturate, except the 56th order which shows saturation after sharp drop, originating also from the frequency dependence of the ponderomotive potential. The saturation indicates that these orders can be generated significantly by adding a weak fundamental field to strong SH. Because both fundamental and SH pulses are necessary for the mixing, these orders are absent when one of the two frequencies is absent.
As far as the high-harmonic intensity in the midplateau region is concerned, it would be best to use the secondharmonic field alone. Compared to the case with the fundamental field alone, the available orders are, however, rather restricted ͑one at every fourth order͒ and the cutoff is much lower. Nevertheless, the harmonic intensity is stronger by more than two orders of magnitude. In the second harmonic field, the traveling time is halved, and thus even long path components form a regular attosecond pulse train and suffer little from wave packet spreading.
Strong SH field, however, can easily ionize atoms, which may weaken harmonic generation due to less favorable phase matching. Furthermore, in experiments, such an intense second-harmonic with good beam quality is very difficult to obtain because the conversion efficiency and the damage threshold of the second-harmonic crystals are not sufficiently high. Considering these limitations, the two-color field becomes a practical way of signal enhancement. It can generate odd harmonics, which is moderately stronger than those with the fundamental field alone. Moreover, it simultaneously generates even harmonics as strong as the odd ones, which leads to not only intensity enhancement but also energy enhancement of high harmonics. For example, the conversion efficiency for the harmonics between 30th and 60th orders increases by a factor of 4 when we use the two-color field of Fig. 3 with =9 / 16. When long path components are filtered out to generate a regular attosecond pulse train, the factor increases to 11.
IV. CONCLUSION
We have analyzed the high-order harmonic generation process in an orthogonally polarized two-color laser field, in which both the fundamental field and the second-harmonic field are linearly polarized and orthogonal to each other. By using the semiclassical three-step model and the quantum mechanical simulation of HHG, the orthogonally polarized two-color field with a suitable phase value has been shown to generate only short electron paths, but much more strongly than the one-color field of the same energy. As a result, not only clean harmonic spectra but also strong and regular attosecond pulse trains have been obtained with the two-color field. The strong attosecond pulses obtained in this way can be useful for applications such as time-resolved studies of ultrafast phenomena.
